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Abstract. This paper introduces a notion of regularity (or irregularity) of the point at
infinity (∞) for the unbounded open set Ω ⊂ RN concerning second order uniformly elliptic
equations with bounded and measurable coefficients, according as whether the A- harmonic
measure of ∞ is zero (or positive). A necessary and sufficient condition for the existence of
a unique bounded solution to the Dirichlet problem in an arbitrary open set of RN , N ≥ 3 is
established in terms of the Wiener test for the regularity of∞. It coincides with the Wiener
test for the regularity of ∞ in the case of Laplace equation. From the topological point
of view, the Wiener test at ∞ presents thinness criteria of sets near ∞ in fine topology.
Precisely, the open set is a deleted neigborhood of ∞ in fine topology if and only if ∞ is
irregular.
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1 Description of Main Results
1.1 Introduction and Motivation
This paper introduces the notion of regularity of the point at infinity (∞) and
establishes a necessary and sufficient condition for the unique solvability of
the Dirichlet problem (DP) in an arbitrary open set of RN for the uniformly
elliptic equations in divergence form
Au = −(aij(x)uxi)xj = 0 (1.1)
when the coefficients and boundary values are only supposed to be bounded
and measuarable. The criterion is the same as Wiener test for the regularity
of ∞ concerning the classical DP for harmonic funtions in an arbitrary open
set of RN [1].
In order to formulate our result, we first introduce some terminology. Let
Ω ⊂ RN (N ≥ 3) denote any unbounded open subset, and ∂Ω its topological
boundary. We consider the differential operator Au, with aij = aji being real
bounded measurable functions defined in Ω.
Throughout this paper, we use the summation convention and assume that
A is uniformly elliptic. That is, there is a constant λ ≥ 1, such that
λ−1|ξ|2 ≤ aij(x)ξiξj ≤ λ|ξ|2 (1.2)
for all x ∈ Ω and all ξ ∈ RN . We will assume that the coefficients aij are
defined and satisfy (1.2) for all x ∈ RN . This can always be achieved by
putting aij = δij outside of Ω.
Throughout, we use the standard notation of Sobolev spaces [4]. A function
u in H1,2loc (Ω) is a weak solution of the equation (1.1) in Ω if∫
Ω
aijuxiφxjdx = 0 (1.3)
whenever φ ∈ C∞0 (Ω). A function u in H1,2loc (Ω) is a supersolution of (1.1) in
Ω if ∫
Ω
aijuxiφxjdx ≥ 0 (1.4)
whenever φ ∈ C∞0 (Ω) is nonnegative. A function u is a subsolution of (1.1) in
Ω if −u is a supersolution of (1.1).
The weak solution of (1.1) is locally Ho¨lder continuous [6, 21, 20]. Contin-
uous weak solution of (1.1) in Ω is called A-harmonic in Ω.
A function u is called a A-superharmonic in Ω if it satisfies the following
conditions:
(a) −∞ < u ≤ +∞, u < +∞ on a dense subset of Ω;
(b) u is lower semicontinuous (l.s.c.);
(c) for each open U ⋐ Ω and each A-harmonic h ∈ C(Ω), the inequality
u ≥ h on ∂U implies u ≥ h in U .
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We use the notation S(Ω) for a class of all A-superharmonic functions in Ω.
Similarly, u is A-subharmonic in Ω if −u is A-superharmonic in Ω; the class
of all A-subharmonic functions in Ω is −S(Ω).
It is well known ([17, 9]) that u ∈ H1,2loc is A-superharmonic if and only if it
is a supersolution with
u(x) = ess lim inf
y→x
u(y) for all x ∈ Ω. (1.5)
Moreover, in the L1-equivalence class of every supersolution, there is an A-
superharmonic representative which satisfies (1.5).
Given boundary function f on ∂Ω, consider a Dirichlet problem (DP)
Au = 0 in Ω, u = f on ∂Ω (1.6)
Consider a compactified space RN = RN ∪ {∞}. Denote by Ω and ∂Ω
respectively, the metric compactification of Ω and ∂Ω. Throughout, we always
assume that ∞ ∈ ∂Ω. For example, if Ω is an exterior of compact, then ∞ is
an isolated boundary point of Ω.
Assuming for a moment that ∂Ω is non-compact, f ∈ C(∂Ω), and f has
a limit fo at infinity, prescribe f(∞) = fo. The generalized upper (or lower)
solution (in the sense of Perron-Wiener-Brelot) of the DP is defined as
H
Ω
f ≡ inf{u ∈ S(Ω) : lim inf
x→y,x∈Ω
u ≥ f(y) for all y ∈ ∂Ω} (1.7)
HΩf ≡ sup{u ∈ −S(Ω) : lim sup
x→y,x∈Ω
u ≤ f(y) for all y ∈ ∂Ω} (1.8)
According to classical theory ([7, 9]), f is a resolutive boundary function,
in the sense that
H
Ω
f ≡ HΩf ≡ HΩf .
Being A-harmonic in Ω, HΩf is called a generalized solution of the DP (1.5).
The generalized solution is unique by construction, and it coincides with the
classical, or Hilbert, or Sobolev space solution whenever the latter exists. Also,
note that the construction of the generalized solution is accomplished by pre-
scribing the behavior of the solution at ∞. The elegant theory, while identi-
fying a class of unique solvability, leaves the following questions open:
• Would a unique solution still exist if its limit at infinity were not specified?
That is, could it be that the solutions would pick up the “boundary value”
fo without being required?
• What if the boundary datum f on ∂Ω, while being continuous, does not
have a limit at infinity, for example, it exhibits bounded oscillations. Is
the DP uniquely solvable?
The answer to these fundamental questions depends on whether Ω is suffi-
ciently sparse, or equivalently Ωc is sufficiently thin near ∞. In recent papers
[1, 2, 3] the answer is expressed in terms of the Wiener test for the regularity
of ∞ for Laplace and heat equations. The principal purpose of this paper is
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to prove that the Wiener test for the regularity of ∞, and accordingly for the
uniqueness of the bounded solution of the DP, is the same as that for Laplace
equation. This is the result in the spirit of [17] concerning the regularity of
finite boundary points.
1.2 Formulation of Problems and Main Result
Furthermore, we assume that f : ∂Ω → R is a bounded Borel measurable
function. Bounded Borel measurable functions are resolutive [7]. Concerning
Ω, we don’t exclude the case when ∂Ω is compact. Without loss of generality,
we only assume that Ω has at least one connected component Ωe such that
∞ ∈ ∂Ωe. Obviously if this assumption is not satisfied, then the unbounded
open set Ω is a union of (at most countable) connected bounded components.
In this case, within each bounded connected component, the solution is defined
uniquely from boundary values on the boundary of this component. This
makes the problem uniquely solvable in the whole region without prescribing
the boundary function at ∞.
By fixing an arbitrary finite real number f , extend a function f as f(∞) =
f . Obviously, the extended function is a bounded Borel measurable on ∂Ω.
Since bounded Borel measurable functions are resolutive ([7]), there exists a
unique bounded generalized solution HΩf . It is natural to call it a generalized
solution of the DP (1.6). The major question now becomes:
Problem 1: How many bounded solutions do we actually have, or does the
constructed solution depend on f ?
Note that if in particular, ∂Ω is non-compact and f has a limit fo at∞, the
above constructed generalized solution is included here by choosing f = fo.
It is well possible that HΩf does not take continuously on the boundary
values prescribed by f at the finite boundary points. Therefore, the finite
boundary point w ∈ ∂Ω is called regular for Ω if
lim
z→w,z∈Ω
HΩf (z) = f(w) for all bounded f ∈ C(∂Ω). (1.9)
The regularity of a boundary point is a problem of local nature, and depends
on the measure-geometric properties of the boundary in a neighborhood of the
point, which is in turn dictated by the differential operator. In his pioneering
works [23, 24] Wiener discovered the necessary and sufficient condition for
the regularity of finite boundary points for harmonic functions. Remarkably,
the regularity criteria for finite boundary points with respect to the elliptic
equation (1.1) is the same [17].
For a given set A from RN , denote as 1A the indicator function of A. Since
the indicator function 1∞ is a resolutive boundary function, the A-harmonic
measure of ∞ is well defined ([7, 9]):
µΩ(·,∞) = HΩ1∞(·).
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It is said that ∞ is an A-harmonic measure null set if µΩ(z,∞) vanishes
identically in Ω. If this is not the case, ∞ is a set of positive A-harmonic
measure. Since HΩ1∞ is A-harmonic in Ω, from the strong maximum principle
it follows that if µΩ(x,∞) > 0, then it is positive in the whole connected com-
ponent of Ω which contains x. We can now formulate the measure-theoretical
counterpart of the Problem 1:
Problem 2: Given Ω, is the A-harmonic measure of ∞ null or positive ?
Note that the assumption ∞ ∈ Ωe doesn’t cause a loss of generality in this
context, and ∞ is an A-harmonic measure null set otherwise.
In fact, both major problems are equivalent, and the next definition ex-
presses the connection between them.
Definition 1.1.∞ is said to be regular forΩ if it is an A-harmonic measure
null set. Conversely, ∞ is irregular if it has a positive A-harmonic measure.
The notion of the regularity of ∞ is, in particular, related to the notion of
continuity of the solution at ∞.
Problem 3: Given Ω with non-compact ∂Ω, whether or not
lim inf f ≤ lim inf(HΩf ) ≤ lim sup(HΩf ) ≤ lim sup f
as z →∞ for all bounded f ∈ C(∂Ω). (1.10)
Note that if f has a limit at ∞, (1.10) simply means that the solution HΩf
is continuous at ∞.
The notion of the regularity of ∞ introduced in Definition 1.1 and earlier
in [1, 2, 3] fits naturally in the framework of A-fine topology. A-fine topology
is the coarsest topology of RN which makes every A-superharmonic function
continuous [7, 9]. A-fine topology is finer than the Euclidean topology. A ma-
jor problem is to find the structure of the neigborhood base in A-fine topology.
It is well-known that there is an elegant connection between this problem and
the problem on the regularity of finite boundary points. Namely, given open
set Ω ⊂ RN , its finite boundary point x0 is irregular if and only if Ω is a deleted
neigborhood of x0 in fine topology [7, 15, 9]. Our definition of the regularity
of ∞ reveals a similar connection for the point at infinity.
Let u : RN → (−∞,+∞] be an arbitrary A-superharmonic function. Ex-
tend it to RN as follows:
u(∞) = lim inf
x→∞
u(x).
What is the coarsest topology in RN which makes every extended A-superharmonic
function continuous? How should A-fine topology of RN be extended to ∞
with “minimum increase” of the Euclidean neigborhood base of ∞, to guar-
antee continuity at ∞ of every extended A-superharmonic function? The
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following definition is helpful in understanding the structure of the neigbor-
hood base of ∞ in A-fine topology.
Definition 1.2. A subset E of RN is called A-thin at ∞ in the following
two cases:
(a) E is bounded
(b) E is unbounded and there exists an A-superharmonic function u in RN
such that
u(∞) < lim inf
x→∞,x∈E
u(x). (1.11)
A set E is A-thin at ∞ if and only if Ec is a deleted A-fine neigborhood
of ∞ (see Lemma 2.4). Furthermore, the A-fine derived set of E, that is, the
A-fine closed set of A-fine limit points of E, will be denoted by Ef . Hence,
E is A-thin at ∞ if and only if ∞ 6∈ Ef . As in the case of the finite points,
A-fine topology is strictly finer than Euclidean topology near∞. The exterior
of any compact set is a deleted neigborhood of∞ both in A-fine and Euclidean
topology. However, in A-fine topology, there are deleted neigborhoods of ∞,
which are unbounded open sets with non-compact boundaries.
We can now formulate the topological counterpart of problems 1, 2 and 3:
Problem 4: Is given open set Ω a deleted neigborhood of ∞ in A-fine
topology? Conversely, is Ωc A-thin at ∞?
The principal result of this paper expresses the solutions to equivalent Prob-
lems 1-4 in terms of the Wiener test for the regularity of ∞.
Recall that if K ⊂ RN is compact, the Newtonian capacity of K is
cap(K) ≡ sup{µ(RN) : µ ∈M(K), Vµ ≤ 1 in RN},
whereM(K) denotes the collection of all nonnegative Radon measures on RN
with support in K, and
Vµ(x) ≡
∫
RN
dµ(y)
|x− y|N−2 , x ∈ R
N
is the Newtonian potential of µ. Let
Γn ≡ cap(En), En = Ωc ∩ {x : 2n−1 ≤ |x| ≤ 2n}
Our main theorem reads:
Theorem 1.1 The following conditions are equivalent:
(1) ∞ is regular (or irregular)
(2) DP has a unique (or infinitely many) bounded solution(s)
(3) If ∂Ω is non-compact, (1.10) is satisfied (respectively isn’t satisfied).
6
(4) Wiener series ∑
n
2−n(N−2)Γn (1.12)
diverges or converges.
(5) ∞ ∈ (Ωc)f (or Ωc is A-thin at ∞)
An equivalent characterization is valid if one replaces (1.12) with the series
∑
n
λ−nγn
where λ > 1, γn = cap(en), en = Ω
c ∩ {x : λ−n ≤ Φ(x) ≤ λ−n+1} and
Φ(x) =
Γ(N
2
)
(N − 2)(4π)n/2 |x|
2−N
is the fundamental solution of the Laplace equation. Another equivalent char-
acterization is valid if one replaces the series (1.12) with the Wiener integral
∫ +∞
1
c(ρ)
ρN−1
dρ
where
c(ρ) ≡ cap(Ωc ∩ {x : |x| ≤ ρ}).
Counterpart at the finite boundary point: In a paper [22] a general-
ization of the well-known Kelvin transformation for Laplace equation was in-
troduced for the equation (1.1). This transformation allows to transform the
uniformly elliptic equation (1.1) near ∞ to another uniformly elliptic equa-
tion near finite boundary point x0 which is the inversion of ∞. Moreover,
A-harmonic functions which are bounded near ∞ will be transformed to A-
harmonic functions of class
u(x) = O(|x− x0|2−N), as x→ x0 (1.13)
where A is an elliptic operator of type (1.1),(1.2). Counterpart of the Prob-
lem 1 is whether or not singular Dirichlet problem in a bounded open set
Ω, with x0 ∈ ∂Ω, is uniquely solvable in a class (1.13). Otherwise speaking,
whether or not fundamental solution kind singularity is removable in a non-
isolated boundary point x0. Since divergence or convergence of the Wiener
series is preserved under the inversion transformation, Theorem 1.1 implies
that the classical Wiener test at x0 is a necessary and sufficient condition for
uniqueness in a singular Dirichlet problem, as well as for the removability of
the singularity according to (1.13).
Probabilistic Counterpart: From the probabilistic standpoint, Wiener test
of Theorem 1.1 presents an asymptotic probability law for Markov processes in
R
N . Assume that {Xt} is a continuous time, time-homogeneous Markov pro-
cess with infinitesimal Dynkin generator being a differential operator −A[8].
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Conversely, Xt is the characteristic process for the differential operator −A.
The characteristic process of the operator −A ≡ 1
2
∆ is the Wiener process or
Brownian motion. Assume that, B is a closed set in RN clustering to ∞, and
Bn is the intersection of B with the spherical shell 2
n−1 ≤ |x| < 2n. Let B be
an event that {t : Xt ∈ B} clusters to +∞. Then
P•(B) = 0 or 1 according as
∑
n
2−n(N−2)cap(Bn) < or = +∞.
The same result for an N -dimensional standard random walk on the N -
dimensional lattice of points with integer coordinates was proved in [12]. In
[13] (p.257) the law is mentioned for standard N -dimensional Brownian mo-
tion.
1.3 Historical Comments
It will be convenient to make some remarks concerning the Dirichlet problem
for uniformly elliptic equations. The solvability, in some generalized sense,
of the classical DP in bounded open set E ⊂ RN , with prescribed data on
∂E, is realized within the class of resolutive boundary functions, identified by
Perron’s method and its Wiener [23, 24] and Brelot [5] refinements. Such a
method is referred to as the PWB method, and the corresponding solutions
are PWB solutions. The main tool of the PWB method consists of Harnack
estimates for the Laplace equation.
Wiener, in his pioneering works [23, 24], proved a necessary and sufficient
condition for the finite boundary point xo ∈ ∂E to be regular in terms of
the “thinness” of the complementary set in the neighborhood of xo. Cartan
pointed out that the thinness could be characterized by means of fine topology
– the coarsest topology of RN which makes every superharmonic function
continuous. In fact, a finite boundary point is irregular if and only if E is a
deleted neigborhood of xo in fine topology [7].
De Giorgi [6] and Nash [21] almost simultaneously proved that any local
weak solution of (1.1) is locally Ho¨lder continuous. Moser [20] gave a simpler
proof of this fact as well as the Harnack inequality. In [17] it is proved that
the Wiener test for the regularity of finite boundary points with respect to
elliptic operator (1.1) coincides with the classical Wiener test for the boundary
regularity of harmonic functions. Hence, the fine-topological neigborhood base
of the finite boundary point is independent of elliptic operator (1.1). The
Wiener test for the regularity of finite boundary points for linear degenerate
elliptic equations is proved in [10]. Wiener test for the regularity of finite
boundary points for quasilinear elliptic equations was settled due to [19, 11,
16, 14]. Nonlinear potential theory was developed along the same lines as
classical potential theory for the Laplace operator and we refer to monographs
[17, 18].
Despite the importance of the Wiener criterion in Analysis, its meaning
for the point at infinity was not correctly understood. In the framework of
Brelot’s theory and its generalizations, the regularity of∞ was associated with
the existence of the solution to the Dirichlet problem with the same limit at
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∞ as the boundary function. This approach implied that ∞ is always regular
if N ≥ 3, and acordingly, the geometric nature of the Wiener criterion was
ignored. “Labeling” of ∞ as “always regular” became a standard result in
classical and modern potential theory. The deficiency of this approach is clear
in the context of fine topology. The connection mentioned above between
the irregularity of the boundary point and fine topological thinness falls apart
for the point at infinity, since otherwise fine topology would be trivial at ∞.
Another deficiency comes out in the context of the asymptotic properties of
Markov processes. A well known elegant connection between the irregularity
of boundary points for the Laplacian and non-escaping property of Wiener
processes starting at boundary point is ignored for the point ∞.
In [1, 2, 3] we introduced a correct notion of regularity of the point at
infinity on ∂E for the Laplace and heat equations. Basically, the Dirichlet
problem for E with continuous data φ, has either one and only one bounded
solution, or infinitely many. If the DP has a unique solution, the point at
infinity on ∂E is regular, otherwise it is irregular. In [1] we characterize the
regularity of ∞ through the Wiener test at ∞. The principal result of this
paper proves that the Wiener test for the regularity of ∞ is independent of
elliptic operators (1.1) with bounded measurable coefficients. The Wiener test
at ∞ characterizes fine topological thinness at ∞. It also characterizes the
asymptotic properties of the characteristic Markov processes with differential
generator −A.
2 Preliminary Results on Potential Theory
This section formulates basic known facts about A-capacity, A potentials and
Green functions for differential operator (1.1) which we need to prove the main
Theorem 1.1. Lemmas 2.1 – 2.3 are due to [17]. In Lemma 2.4, we formulate
A-thinness criteria at ∞ in A-fine topology.
Let Σ be a fixed open sphere and E be a compact subset of Σ. Then the
A-capacity of E with respect to operator A and sphere Σ is defined as
capA(E) ≡ inf
{
DA : φ ∈ H1,20 (Σ), φ ≥ 1 on E in the sense of H1,20 (Σ)
}
where
DA =
∫
Σ
aijφxiφxjdx
The function u giving the infimum to DA(φ) is called A-capacitary potential
(with respect to A and Σ).
Lemma 2.1 (1) There exists one and only one A-capacitary potential u ∈
H1,20 (Σ) such that u = 1 on E in the sense of H
1,2
0 (Σ) and capA(E) =
DA(u).
(2) A-capacitary potential is A-supersolution in Σ, and A-harmonic in Σ−E.
For any Radon measure µ with compact support in Σ, consider a problem
Au = µ in Σ, u = 0 on ∂Σ. (2.1)
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u ∈ L1(Σ) is a weak solution of (2.1) if
∫
Σ
uAΦdx =
∫
Σ
Φdµ
for every Φ ∈ H1,20 (Σ) ∩ C(Σ) such that AΦ ∈ C(Σ).
Lemma 2.2 (1) There exists a unique weak solution u of (2.1) such that
u ∈ H1,p0 (Σ) for every p < n/(n− 1).
(2) Weak solution u ∈ H1,20 (Σ), if and only if µ ∈ H−1,2(Σ).
The Green’s function g(x, y) of the operator A on Σ is defined as the weak
solution of the problem (2.1) with µ = δy, where δy is the Dirac measure of y.
Lemma 2.3 (1) For every Radon measure with compact support in Σ, the
integral
u(x) =
∫
Σ
g(x, y)dµ(y). (2.2)
exists and finite a.e., and is a weak solution of (2.1).
(2) A-capacitary potential is a weak solution of (2.1) with the nonnegative
(A-capacitary) measure supported on the exterior boundary of compact
E, and accordingly the representation (2.2) is valid. Moreover, µ(E) =
capA(E).
(3) Let g and g be the Green functions for any uniformly elliptic operators
A and A with the ellipticity constant λ on a sphere Σ. Then, for any
compact subset E of Σ, there exists a constant K depending on E,Σ and
λ such that
K−1g(x, y) ≤ g(x, y) ≤ Kg(x, y), for all x, y ∈ Σ. (2.3)
(4) If µ is a nonnegative Radon measure with compact support E in Σ, and
u and u are the weak solutions of (2.1) for differential operators A and
A respectively, then
λ−2capA(E) ≤ capA(E) ≤ λ2capA(E) (2.4)
K−1u(x) ≤ u(x) ≤ Ku(x), a.e. on E (2.5)
If µ ∈ H−1,2(Σ), then (2.5) is valid in the sense of H1,20 (Σ).
(5) capA(·) is a monotone, subadditive set function; it is a Choquet capacity
([7, 9]) and for any differential operators A and A, capA(·) and capA(·)
are mutually absolutely continuous (see (2.4)).
(6) In the L1-equivalence class of every capacitary potential, there is an A-
superharmonic representative which satisfies (1.5).
(7) g(·, y) ≥ 0 is A-harmonic and Ho¨lder continuous in Σ−y, limx→y g(x, y) =
+∞.
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If A is taken to be the Laplace operator, then from (2.3) it follows that for
any compact subset E of the open sphere Σ,
K−1|x− y|2−N ≤ g(x, y) ≤ K|x− y|2−N for all x, y ∈ E (2.6)
where K depends on E,Σ, λ and R is a radius of Σ.
If N ≥ 3 and the radius of Σ goes to infinity, the Green function increases
to a Green function G(x, y) of RN , which is locally Ho¨lder continuous and A-
harmonic in RN−y. In fact, G(·, y) ∈ H1,ploc (RN)∩H1,2loc (RN−y), p < n/(n−1).
Moreover, we have
K−1|x− y|2−N ≤ G(x, y) ≤ K|x− y|2−N , (2.7)
uniformly in RN . Accordingly, A-capacity and related A-capacitary potential
are well defined if Σ and g(x, t) are replaced with RN and G(x, t) respectively.
In particular, the A-capacitary potential ζE of the compact subset E ⊂ RN
is a weak solution of the problem (2.1) with Σ replaced by RN . Accordingly,
we have
ζE(x) =
∫
RN
G(x, y)dµ(y). (2.8)
where µ is a A-capacitary measure with support on the exterior boundary
of E with µ(RN) = capA(E). As before, in the L1-equivalence class, there
is a lower semicontinuous representative which satisfies (1.5), and it is A-
superharmonic in RN . Using different terminology, this representative is a
smoothed A-reduction of 1 on E.
Furthermore, we will assume that the A-capacity and A-potential of the
compact subsets of RN are defined with respect to RN . We will drop subscript
A when differential operator A is Laplacian. In this case A-capacity and A-
potential coincide with Newtonian capacity and Newtonian potential. Hence,
in view of (2.7) and (2.8), (2.5) becomes
K−1Vν(x) ≤ ζE(x) ≤ KVν(x), (2.9)
a.e. on E and everywhere on Ec with ν being the Newtonian capacitary
measure of E.
Throughout, we will say that a property holds quasieverywhere, if it holds
except on a set of A-capacity (or Newtonian capacity) zero. Sets of capacity
zero are called A-polar sets (or simply polar sets) in potential theory. Polar
sets are essential for the description of the singularities of A-superharmonic
functions. In fact, for any polar set E ∈ RN , there is an A-superharmonic
function u in RN such that u = +∞ on E. We refer to [7, 9] for the essential
properties of polar sets.
Let De be the connected component of E
c which contains∞ and Ee = ∂De.
The restriction of ζE to De is A-harmonic and solves the exterior Dirichlet
problem with boundary value 1 on Ee and 0 at infinity. More precisely, ζE ≡
HE
c
1E
. From (2.7),(2.8) it follows that it vanishes at infinity with the same rate
as a fundamental solution of the Laplacian. For example, if E = Σ ≡ {x :
|x| < R} then
K−1RN−2|x|N−2 ≤ ζΣ(x) ≤ KRN−2|x|2−N for |x| > R (2.10)
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Remembering that the Newtonian capacity of Σ is RN−2, we also have
λ−2RN−2 ≤ capA(Σ) ≤ λ2RN−2 (2.11)
In the next lemma, we formulate the A-thinness criteria of sets at ∞.
Lemma 2.4 (1) If the sets E1, E2, ..., En are A-thin at ∞, then E = ∪ni=1Ei
is also A-thin at ∞.
(2) A set E is A-thin at ∞ if and only if Ec is a deleted neigborhood of ∞
in A-fine topology.
The proof of these facts is standard ([7, 15, 9]). For (1), it is easy to
observe that if vi(x) is the A-superharmonic function related to Ei by the
relation (1.11), then
n∑
i=1
vi(x)
will, by the lower semicontinuity of vi, satisfy (1.11).
To prove (2), first note that A-fine topology is the coarsest topology where
the sets of the form {u > β}, {u < β} are open, for all A-superharmonic
functions u and for all real numbers β. The family formed by the finite in-
tersections of these sets forms a neigborhood base of A-fine topology. Since u
is lower semicontinuous, the sets of the form {u > β} are open in Euclidean
topology. Accordingly, we can consider a neigborhood base of ∞ consisting of
the sets
∩mi=1 {x ∈ Σc : ui ≤ β} (2.12)
where m is an integer, β > 0, Σ is an open sphere in RN , ui is a locally
bounded A-superharmonic function in RN such that ui(∞) = 0.
Assume that Ec is a deleted A-fine neigborhood of ∞. Then it contains
some element of the neigborhood base:
∩mi=1{x ∈ Σc : ui ≤ β} ⊂ Ec
which means that
E ⊂ ∪mi=1Ei ∪ Σ
where Ei = {ui > β}. By Definition 2.1, both Σ and each of the sets Ei are
A-thin at ∞. By assertion (1) of Lemma 2.4, the union, and accordingly its
subset E, is A-thin at ∞.
Assume that E is A-thin at∞. If E is bounded in RN , then the assertion of
the lemma is trivial. Assume E is unbounded and choose an A-superharmonic
function in RN according to Definition 2.1 and a real number β such that
u(∞) < β < lim inf
x→∞,x∈E
u(x)
Accordingly, there is an open sphere Σ such that
u(x) ≥ β for all x ∈ E ∩ Σc
This implies that A-fine neigborhood {x ∈ Σc : u(x) < β} of ∞ is contained
in Ec. Hence, Ec is a deleted A-fine neigborhood of ∞.
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3 Proof of Theorem 1.1
(1)⇔ (2): Assume that ∞ is regular and let u1 and u2 be two bounded
solutions of DP. Then v = u1 − u2 is a bounded solution of DP with zero
boundary data on finite boundary points. Since a generalized solution is order
preserving ([7, 9]), we have
|v| ≤ HΩM ·1∞ ≡MHΩ1∞ ≡ 0, withM = sup |v|.
On the other hand, if∞ is irregular, then for an arbitrary real number r, rHΩ1∞
is a generalized solution of the DP with zero boundary data on ∂Ω.
(2)⇒ (3): Assume that (3) is not satisfied. That is to say, there is a
bounded function f such that for some generalized solution HΩf , one of the
inequalities in (1.10) is violated. In this case, by choosing a number f satisfying
f∗ ≡ lim inf
z→∞
f(z) ≤ f ≤ lim sup
z→∞
f(z) ≡ f ∗,
and by extending f(∞) = f , we can always construct a generalized solution
HΩf which satisfies (1.10) . Indeed, since a generalized solution is order pre-
serving, we clearly have
|HΩf | ≤M ≡ sup |f |. (3.1)
Then for an arbitrary ǫ > 0 we choose R > 0 such that
f∗ − ǫ ≤ f ≤ f ∗ + ǫ, on ∂Ω ∩ Σc, (3.2)
where Σ ≡ {z | |z| < R}. Since capacitary potential ζΣ ≡ HΣc1∂Σ we have
f∗ − ǫ− 2MζΣ ≤ HΩf ≤ f ∗ + ǫ+ 2MζΣ on Ω ∩Σc. (3.3)
This follows from the fact that (3.3) is satisfied on ∂(Ω ∩Σc) and a general-
ized solution is order preserving. Passing to limit, first as x→∞, and then as
ǫ ↓ 0, from (3.3) and (2.10) it follows that the constructed generalized solution
satisfies (1.10). Contradiction with uniqueness.
(3)⇒ (2): Let u1 and u2 be two bounded solutions of the DP. Their differ-
ence is a generalized solution with a zero boundary function, and accordingly,
it vanishes identically in view of (1.10). On the other hand, if at least for one
f (1.10) is violated, then from the relation (2) ⇒ (3) for direct assertions, it
follows that there are at least two solutions of the DP. This implies that the
DP with zero boundary data on ∂Ω has a non-trivial solution. That means it
has infinitely many solutions.
(1)⇒ (4): Assume that the series (1.12) converges, and prove that HΩ1∞ 6≡
0. In fact, we are going to prove that
lim sup
z→∞
HΩ1∞ = 1. (3.4)
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Let 0 < ǫ < 1 be an arbitrary small number. Choose a positive integer m so
large that
∞∑
n=m+1
2−n(N−2)Γn <
2ǫ
K4N−1
. (3.5)
Since Ω has at least one connected component Ωe such that∞ ∈ ∂Ωe, we can
choose m so large that there is a point x∗ with
x∗ ∈ Ωe ∩ Σ2m−1
Consider a sequence of increasing A-harmonic functions
ϑM(x) =
M∑
n=m+1
ζEn(x),M = m+ 1, m+ 2, ... x ∈ Ωm ≡
( +∞⋃
n=m+1
En
)c
,
where ζEn is a capacitary potential of En. Obviously we have
ϑ(x) ≡
+∞∑
n=m+1
ζEn(x) ≡ sup
M
ϑM (x), x ∈ Ωm
Since ϑ is a limit of the increasing sequence of A-harmonic functions in each
component of Ωm which includes Ω, either ϑ ≡ +∞, or ϑ is A-harmonic. Let
us now estimate ϑ(x∗). From (2.7)-(2.9) it follows that
ζEn(x
∗) ≤ K
∫
En
|y − x∗|2−Ndµn(y) ≤ K(2n−1 − |x∗|)2−NΓn
≤ K4N−22−n(N−2)Γn, for n ≥ m+ 1,
ϑ(x∗) ≤ K4N−2
+∞∑
n=m+1
2−n(N−2)Γn
and in view of (3.5) we have
ϑ(x∗) <
ǫ
2
(3.6)
Hence, ϑ is A-harmonic in Ωm and A-superharmonic in RN . In fact, ϑ is a
generalized solution of the DP in Ωm under the boundary function
+∞∑
n=m+1
ζEn(x) ≥ 1 quasieverywhere on ∂Ωm. (3.7)
Since the generalized solution is order preserving, we have
0 ≤ HΩ1−1∞ ≤ ϑ+ ζΣ2m on Ω ∩ Σc2m . (3.8)
Let R be an arbitrary number satisfying
R > 2mK
1
N−2
( ǫ
2
) 1
2−N
(3.9)
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Since ϑ is A-harmonic in Ωm, from (3.6) and (3.7) we conclude that there must
be a point xR ∈ Ωe ∩ {x : |x| = R} such that
ϑ(xR) <
ǫ
2
From (3.8),(3.9) and (2.10) it follows that
0 ≤ HΩ1−1∞(xR) ≤ ǫ. (3.10)
Passing to the limit, first as R→ +∞, and then as ǫ→ 0 from (3.10) it follows
that
lim inf
x→∞
HΩ1−1∞ = 0. (3.11)
Since
HΩ1−1∞ ≡ 1−HΩ1∞ ,
we arrive at (3.4).
(4)⇒ (1): Assume that the series (1.12) diverges and prove that
HΩ1∞ ≡ 0 (3.12)
Proof is based on the construction of the family {Gp} of nonnegative A-
harmonic functions in Ω with the following properties:
lim
x→∞
Gp(x) = 1 for any fixed p (3.13)
lim
p→+∞
Gp(x) = 0 for any fixed x ∈ Ω (3.14)
Indeed, in this case family {Gp} is in the upper class S(Ω) with respect to the
Perron solution HΩ1∞ . Accordingly, we have
0 ≤ HΩ1∞(x) ≤ Gp(x), x ∈ Ω
and passing to the limit as p→ +∞, (3.12) follows.
To construct the required family of A-harmonic functions, we need to en-
ter the positive integer parameter p into the Wiener series and make some
rearrangements. Let
Γpn ≡ cap(Epn), Epn ≡ Ωc ∩ {2
n−1
p ≤ |x| ≤ 2np }
Assuming that n ≥ p, from the subadditivity of the capacitary measure it
follows that
Γn ≤ Γpnp + Γpnp−1 + · · ·+ Γpnp−n+1
Accordingly, one of the following series must be divergent:∑
n
2−n(N−2)Γpnp
∑
n
2−n(N−2)Γpnp−1 · · ·
∑
n
2−n(N−2)Γpnp−n+1
It is easy to see that the divergence of any of these series implies that
∑
n
2−
n(N−2)
p Γpn = +∞.
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By choosing p2 successive values of n as
kp2, kp2 + 1, ..., kp2 + p2 − 1,
it follows that one of the following series must also be divergent:∑
n
2−np(N−2)Γpnp2
∑
n
2−(np+
1
p
)(N−2)Γpnp2+1 · · ·
∑
n
2−((n+1)p−
1
p
)(N−2)Γp(n+1)p2−1
We may therefore assume without loss of generality, that∑
n
2−np(N−2)Γpnp2 = +∞. (3.15)
The proof given for the contrary case is similar to the one presented. In view
of (3.15), for an arbitrary large integer p we can find an integer Np such that
Np∑
n=1
2−np(N−2)Γpnp2 > p. (3.16)
If p > 2, the distance between Epnp2 and its closest neigbors may be estimated
as follows
dist(Epnp2;E
p
(n−1)p2) ≥ 2np(2−
1
p − 2−p),
dist(Epnp2 ;E
p
(n+1)p2) ≥ 2np(1− 2−
p
2 ).
Accordingly, we have
dist(Epnp2;E
p
kp2) ≥ 2npα(p), for ∀k 6= n,
where
α(p) = min(2−
1
p − 2−p; 1− 2− p2 ).
By using (2.9) we have
ζEp
np2
(x) ≤ K2−np(N−2)Γpnp2α2−N(p), x ∈ Epkp2, k 6= n. (3.17)
Since the function
∑Np
n=1 ζEp
np2
is A-harmonic in
(
∪Npn=1 Epnp2
)c
including in Ω,
and vanishes at ∞, from (3.17) it follows that
Np∑
n=1
ζEp
np2
(x) ≤ K +Kα2−N(p)
Np∑
n=1
2−np(N−2)Γpnp2, x ∈
(
∪Npn=1 Epnp2
)c
. (3.18)
Now, we choose the required family of A-harmonic functions as follows:
Gp(x) = −
∑Np
n=1 ζEp
np2
(x)
γp
∑Np
n=1 2
−np(N−2)Γpnp2
+ 1, γp = K(p
−1 + α2−N (p)).
Nonnegativity of Gp follows from (3.16) and (3.18):
Gp(x) ≥
K
(
− 1− α2−N(p)∑Npn=1 2−np(N−2)Γpnp2
)
γp
∑Np
n=1 2
−np(N−2)Γpnp2
+ 1
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≥ −K(p
−1 + α2−N(p))
γp
+ 1 = 0, x ∈ Ω.
Since
lim
x→∞
ζEp
np2
(x) = 0, n = 1, 2, ..., Np,
(3.13) easily follows.
Let x ∈ Ω is fixed. From (2.9) it follows that
ζEp
np2
(x) ≥ K
−1Γpnp2
|2np + |x||N−2 ≥
K−12−np(N−2Γpnp2
|1 + 2−p|x||N−2 .
Hence we have
Gp(x) ≤ − K
−1
γp|1 + 2−p|x||N−2 + 1,
and (3.14) immediately follows. Regularity of ∞ is proved.
(1)⇒ (5): Assume that Ωc is A-thin at ∞. Prove that ∞ is irregular
for Ω. We will only consider the non-trivial case when Ωc is unbounded. It is
sufficient to show that∞ is irregular for Ω∪Σ, where Σ is some open sphere of
large radius. This immediately follows from the equivalence of the irregularity
of ∞ to convergence of the Wiener series (1.12). Obviously the latter is not
affected by adding a finite number of terms.
By Definition 1.2 and (1.11), it is easy to construct an A-superharmonic
function u such that
0 ≡ u(∞) < 2 ≡ lim inf
x→∞,x∈Ωc
u(x)
Choose an open sphere Σ of large enough radius such that
u(x) ≥ 1 for x ∈ Ωc ∩ Σc
It is easy to see that A-subharmonic function v = 1− u satisfies
lim sup
x→∞
v = 1
and belongs to lower class −S(Ω ∪ Σ) with respect to the Perron solution
HΩ∪Σ1∞ . Therefore we have
v(x) ≤ HΩ∪Σ1∞ (x) for x ∈ Ω ∪ Σ
which implies that
lim sup
x→∞
HΩ∪Σ1∞ (x) = 1.
Hence ∞ is irregular for Ω ∪ Σ, and for Ω as well.
(5)⇒ (1): Assume that∞ is irregular for Ω. Prove that Ωc is A-thin at∞.
As before, we will only consider the non-trivial case when Ωc is unbounded. It
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is sufficient to demonstrate that (Ω∪Σ)c is A-thin at ∞, where Σ is a sphere
of large radius.
While proving the relation (1)⇒ (4) above, we constructed function ϑ
which is A-superharmonic in RN and satisfies (3.6), and
ϑ ≥ 1 quasieverywhere on (Ωm)c ≡
( +∞⋃
n=m+1
En
)
We want to have this property everywhere on (Ωm)c. Let
en = {x ∈ En ∩ Σ2n : ϑ(x) < 1}, n = m+ 1, m = 2, · · ·
Since capA(en) = 0, for arbitrary positive δn, we can choose open cover cn of
en such that capA(dn) < δn, where dn = cn. We can obviously choose open
sets cn in such a way that
cn ⊂ {x : |x| ≥ 2n− 12}.
Clearly, x∗ lies outside
(⋃+∞
n=m+1En∪cn
)
. Consider A-superharmonic function
ς(x) ≡
+∞∑
n=m+1
ζdn(x)
We estimate ς(x∗) similar to the estimation of ϑ(x∗). From (2.7)-(2.9) it follows
that
ζdn(x
∗) ≤ K
∫
dn
|y − x∗|2−Ndλn(y)
≤ K
( 4√
2− 1
)N−2
2−n(N−2)capA(dn), for n ≥ m+ 1,
ς(x∗) ≤ K
( 4√
2− 1
)N−2 +∞∑
n=m+1
2−n(N−2)δn
where λn is anA-capacitary measure of dn. By choosing numbers δn sufficiently
small, we have
ς(x∗) <
ǫ
2
Consider a function ̟ = ς + ϑ. It is A-superharmonic in RN ,
̟(x) ≥ 1 everywhere on (Ωm)c.
and
̟(x∗) < ǫ
Since ̟ is A-superharmonic in Ωm, by applying the A-superharmonic mini-
mum principle in Ωm ∩ {x : |x| < R} we conclude that for all sufficiently large
R, there must be a point xR ∈ Ωe ∩ {x : |x| = R} such that
̟(xR) < ǫ
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Hence, we deduce that
lim inf
x→∞
̟(x) ≤ ǫ.
Therefore, ̟ is an A-superharmonic function which guarantees the A-thinness
of Ωc according to the Definition 1.2 and (1.11).
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